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We explore signatures of a topological phase transition (TPT) in the work and efficiency of a
quantum heat engine, which uses a single layer topological insulator, stanene, in an external electric
field as a working substance. The magnitude of the electric field controls the trivial and topological
insulator phases of the stanene. The effect of TPT is investigated in two types of thermodynamic
cycles, with and without adiabatic stages. We examine a quantum Otto cycle for the adiabatic and
an idealized Stirling cycle for the non-adiabatic case. In both cycles, investigations are done for high
and low temperatures. It is found that Otto cycle can distinguish the critical point of the TPT as an
extremum point in the work output with respect to applied fields at all temperatures. Stirling cycle
can identify the critical point of the TPT as the maximum work point with respect to the applied
fields only at relatively lower temperatures. As temperatures increase towards the room temperature
maximum work point of the Stirling cycle shifts away from the critical point of the TPT. In both
cycles, increasing the temperature causes considerable enhancement in work and efficiency from the
order of meV to eV.
I. INTRODUCTION
Heat engines are the practical motivations and signif-
icant outcomes of the field of thermodynamics, which
led to high socioeconomic impact in the industrial rev-
olutions [1]. In parallel with the social and industrial
developments, list of the working substances in the heat
engines has been grown since the steam engine in 18th
century, and included three-level masers [2], cavity pho-
tons [3], spin systems [4], single atom [5], atomic clusters
[6], optomechanical systems [7], superconducting res-
onators [8], Dirac particles [9, 10], graphene flake [11–13],
black holes [14], and ultracold atoms [15]. Heat engines
that are using working substances requiring quantum me-
chanical descriptions are called as quantum heat engines
(QHEs), whose cycles [16] are studied under a quantum
thermodynamical framework, which is an emerging and
rapidly progressing field of research [16–20]. Experimen-
tal demonstrations of a single-atom heat engine [5] and
QHEs with nitrogen-vacancy centers in diamond [21] and
with cold Rb atoms [22] have been shown.
Typically the working system of the engine remains in
a single-phase during a thermodynamic cycle. In practice,
however, phase changes can happen during the engine
operation and can enhance the efficiency. Power plants,
for example, can be modeled by the Rankine cycle, which
is based upon water-steam phase transition. Recently
it has been argued that diverging fluctuations at a sec-
ond order phase transitions can help to achieve Carnot
efficiency in a quantum Otto engine [23]. More recently,
it has been shown that a quantum phase transition of
an interacting spin working system allows for reaching
Carnot efficiency [24]. Inspired by these results, we ask if
a topological phase transition (TPT) during a quantum
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engine cycle can have any significant effects on the effi-
ciency. Furthermore, we explore if such effects can be used
to probe a TPT. In contrast to the ordinary QPTs, TPTs
has no local order parameter associated with symmetry
breaking. TPT is described by a bulk invariant (Chern
number) which is an integer and changes to another in-
teger at the TPT. In case of gap closing at the TPT, we
expect that global nature of the work could capture the
TPT qualitatively in certain cycles.
Usually, statistical work distribution measurements are
studied in suddenly and infinitesimally quenched systems
to examine phase transitions in quantum critical mod-
els [25]. Quench protocols bring the systems out of equi-
librium and the work output is given by a probability
distribution whose characteristic function can be related
to the Loschmidt echo that can be determined in principle
experimentally. It is shown that local quenches lead to
edge singularities in the work distribution in a quantum
critical system [26]. Our approach is on the other hand
based upon a cyclic variation of a control parameter, in-
stead of quenching, and to look for signatures of TPT in
the work output of the cycle.
We emphasize that probing the TPT by the work an
efficiency of QHEs is possible for those 2D materials, such
as stanene, germanane and silicene, for which it is estab-
lished that bulk gap closing (under electric field variation
for example) is associated with a topological phase tran-
sition [27, 28]. We specifically consider a 2D monolayer
Stanene (Sn) as our working substance. Stanene is a coun-
terpart of graphene for tin atoms [28–30] with low-buckled
honeycomb geometry [31]. In contrast to graphene it has
a larger spin-orbit coupling [32, 33], can host the quantum
spin Hall effect at room temperature for dissipationless
electric currents [29], and its band structure, in particular,
Dirac cone band gap, can be controlled with an out-of-
plane electric field such that it exhibits a TPT between
two-dimensional trivial and topological insulator (2DTI)
phases depending on the applied electric field [27, 34–36].
2D Sn has been fabricated recently by molecular beam
epitaxy [37]. Studies of thermal properties of Sn is limited
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2to thermoelectrics so far [38]. Its outstanding properties,
on the other hand, make it also an ideal candidate for
a working substance of a room temperature topological
QHE. We note that using heat, instead of work, has been
considered to detect dynamical phase transitions and Ma-
jorana modes recently [39]. It is proposed there that
Floquet-Majorona phases can be used for QHEs or heat
pumps. There are also theoretical investigations of TPTs
from the perspectives of Hill thermodynamics [40, 41]
and Uhlmann phase [42, 43]. Our simple model here can
be envisioned as the first step towards QHEs with more
sophisticated topological materials with TPTs.
By using an external electric field as the control param-
eter we consider adiabatic (specifically the Otto cycle)
and non-adiabatic (specifically a Stirling type cycle as in
Ref. [24]) thermodynamic cycles in which Sn undergoes a
topological phase transition. We calculate the work out-
put and efficiency of the cycles; determine and compare
the signatures of the TPT in both types of cycles. We
find out that the answer to our question for both cycles
is positive, TPT of Sn can be probed by using work and
efficiency of QHE cycles. Highly distinct characteristic
behaviors are obtained below and above the critical point
of TPT. Another advantage of Sn working substance is
that the topological QHE can operate around room tem-
perature without the need for large external electric fields.
We briefly discuss how to implement the cycle in an ex-
perimental setting a graphene bilayer as a scaffold at the
end of the manuscript.
This paper is organized as follows: We review the theory
and TPT of Sn in Sec. II. The results and discussions are
presented in Sec. III in two subsections where quantum
Otto cycle case is presented in Sec. III A and non-adiabatic
cycle case is presented in Sec. III B. In Sec. IV, a possible
experimental realization is discussed. We conclude in
Sec. V. The details of the calculations of the work output
for both of the quantum thermodynamic cycles are given
in the Appendices A and B.
II. WORKING SUBSTANCE
This section is a brief review of relevant properties of
Sn for our QHE and TPT discussions. We consider a
single layer of two-dimensional Sn in the xy−plane as
the working substance for a QHE. An external electric
field εz is applied in the z−direction, perpendicular to
the atomic layer. The system is described by a second-
nearest-neighbor tight-binding model given in Ref [28]
H = −t
∑
<i,j>α
c†iαcjα + i
λSO
3
√
3
∑
i,jαβ
υijc
†
iασ
z
αβcjβ
− i2λR3
∑
i,jαβ
µijc
†
iα(~σ × ~d0ij)zαβcjβ
+ l
∑
iα
ζiε
i
zc
†
iαciα. (1)
The first term is the nearest-neighbor hopping term and
t is the transfer energy. The sum is taken over all pairs
< i, j > of the nearest neighboring sites, c†iα and cjα
create and annihilate an electron with spin polarization α
at site i, respectively. The second and third terms are the
effective and intrinsic Rashba spin-orbit interactions with
the corresponding coefficients λSO and λR, respectively.
µij and ζi are equal to ±1 for two sublatices of Sn. ~σ
denote the Pauli matrices; The coefficients υij are defined
as
υij = ~di × ~dj/|~di × ~dj | (2)
where ~di and ~di are the two nearest bonds connecting the
next-nearest neighbors ~dij and ~d0ij = ~dij/|~dij |. l is half
of the perpendicular distance between two sublattices.
The sum is taken over all pairs << i, j >> of the next-
nearest neighbors. We note that the model describes other
two-dimensianal honeycomb structure as well [28, 44].
The low-energy effective Hamiltonian for stanene is
derived from Eq. (1) around the Kη point in Ref. [28, 32]
as
Hsη = ~vf (τxkx − ηkyτy)− ηλSOτzsz + lεzτz, (3)
where η = ±1 is for the K and K ′ point, vf is the Fermi
velocity and τx,y,z are the Pauli matrices of the sublattice.
sz is the third Pauli matrix depicting the spin in the z−
direction. Here, we ignore the Rashba term in Ref. [28],
as we will consider the behavior of the bands exactly at
the at the Dirac points where the Rashba term vanishes.
The energy spectrum of Eq. (3) is found to be [28]
Esη(k) = ±
√
~2v2fk2 + (lεz − ηλSO)2, (4)
where k =
√
k2x + k2y. There are in total four distinct
energy eigenvalues, which are each two-fold degenerate.
Low energy band structure of Sn at the vicinity of
K point given by Eq. (4) shows that the energy gap
∆ = 2|λSO − lεz| at k = 0 is finite at εz = 0; it decreases
and closes at critical value εcr. The phase diagram of
Sn with respect to the external electric field is shown
in Fig. 1. The gap closing occurs at εz = ±εcr . It is
found that gap closing is associated with TPT such that
for |εz| < εcr Sn is a TI and for |εz| > εcr it is a band
insulator [27, 28, 36].
III. RESULTS AND DISCUSSION
A. Quantum Otto Cycle
A quantum Otto cycle (QOC) consists of two isochoric
and two adiabatic processes [16]. We consider a QOC
with topological insulator as a working substance. The
direction of the cycle is chosen such that net positive work
is produced, as is depicted in Fig. 2 . The four stages of
the QOC are as follows:
3Figure 1. (Color Online) Variation of band gap ∆ as a function
of external electric field εz. The gap is closed at the critical
points εz = ±εcr. Band closing is associated with a topological
phase change for Sn such that for |εz| > εcr Sn is a band
insulator (BI): while otherwise it is a topological insulator
(TI).
• Stage 1 (A to B): This is a quantum isochoric pro-
cess where the working substance in an external
electric field, εh, with energy levels Ehn is coupled
to a hot bath at temperature Th. At point B, the
working substance reaches thermal equilibrium with
the hot bath, and the occupation probability of each
eigenstate becomes Pn(Th), while the energy levels
remain the same. No work is done but heat Qin
Qin =
∫
d2~k
(2pi)2
∑
n
g(En)Ehn(k)[Pn(Th)− Pn(Tc)] (5)
is absorbed by the working substance during this
process. The factor g(En) gives the degeneracy of
nth energy level. The integral over k = |~k| is from
0 to infinity. The low-energy spectrum however is
valid up to a large k ∼ 1/a, where a is the lattice
constant of Sn. The temperatures we consider are
low enough to make sure that the large k values
cannot contribute to the integral and hence we can
use the low-energy spectrum instead of the full tight-
binding solutions.
• Stage 2 (B to C): In this process, which is a quantum
adiabatic process, the working substance is isolated
from the heat bath and the electric field changes
from εh to εc, where εc < εh. The energy levels
change from Ehn to Ecn. The occupation probabil-
ities do not change. Work is done but no heat is
transferred.
• Stage 3 (C to D): The working substance is subject
to a constant electric field, εc, and is coupled to a
cold bath at temperature Tc < Th. The occupation
probabilities at the end of this stage are Pn(Tc).
Heat Qout
Qout =
∫
d2~k
(2pi)2
∑
n
g(En)Ecn(k)[Pn(Tc)− Pn(Th)] (6)
is ejected from the system. In Eq. 5 and Eq. 6,
Pn(Ti) = fn(k, εi, Ti) with i = h, c, βi = 1/kBTi
where kB is the Boltzmann constant. fn(k, εi, Ti) =
1/(exp [βi(Ein(k)− EF )] + 1) is the Fermi distribu-
tion function. EF is the Fermi energy.
• Stage 4 (D to A): The system is separated from the
cold bath and undergoes another quantum adiabatic
process, as the electric field is changed from εc to εh.
Energy levels change from Ecn to Ehn The occupation
probabilities remain the same. There is no heat
transfer but work is done.
Figure 2. Quantum Otto cycle operating between a hot bath
at temperature Th and a cold bath at temperature Tc. It has
of two isochoric (A to B and C to D) and adiabatic (B to
C and D to A) processes for Sn under electric field εz. Qin
is the heat injected in the A-B stage, and Qout is the heat
ejected in the C-D stage. Electric field changes between εh and
εc. Occupation probabilities P of an energy level En changes
between Pn(Tc) and Pn(Th).
As the probability distribution remains invariant in the
two quantum adiabatic processes, the entropy will remain
invariant as well and no net heat is produced. Based on
this fact, the net work produced during a QOE cycle is
given by
WO = Qin +Qout
=
∫
d2~k
(2pi)2 ×∑
n
g(En)
(
Ehn(k)− Ecn(k)
)[
Pn(Th)− Pn(Tc)
]
(7)
The efficiency of the heat engine is ηO = WO/Qin.
Positive work condition requires Qin > −Qout, under
which the system would opearate as a heat engine.
4There are a number of discussion in the literature on the
thermodynamics of graphene type materials with positive
and negative energy bands. It is the common treatment
to limit the evaluation of the partition function to the
positive energy manifold and ignore the contribution of the
negative energies which is divergent [45–48]. Alternatively,
a physical argument is suggested to eliminate the negative
energies from partition function calculation by assuming
doped graphene [11, 49]. Here we take into account both
the positive and negative energy bands in both physically
and mathematically rigorous footing for a neutral Sn. The
method is presented in Appendices.
We take typical values for the parameters of Sn TI
model [32] where λSO = 30 meV. We let lεh and lεc change
in the ranges of 0− 40 meV and 0− 150 meV for low and
high temperatures, respectively. We separately consider
high and low temperature operations of the engine. For
the high temperature case we take the temperatures of
the hot and the cold baths as Th = 300 K and Tc = 150
K, respectively; while for the low temperature case we
assume Th = 40 K and Tc = 30 K.
In Fig. 3, we show the electric potential domain of
the positive work, WO > 0, as the dark (blue) shaded
region: while the negative work domain is indicated as
light orange shaded region. The positive work region for
low temperatures plotted in Fig. 3a shows an X-shaped
structure, which deforms as the temperature increases.
The positive work region for high temperatures shown in
Fig. 3b . It expands with the increasing electric fields,
except for a semicircular region terminated by the critical
points of TPT at lεcr = λSO. Fig. 3b could also be plotted
for the negative values of the electric fields. The result
would be inversion of the positive work regions in Figs. 3a
and 3b with respect to the origin. We note that it is
possible to extract positive work from the system even
for lεh < lεc for the low temperature regime according to
Fig. 3a.
Exact values and behavior of the work output as a
function of lεc, for three representative values of lεh are
plotted in Fig. 4 for low temperatures, and in Fig. 5 for
high temperatures. Fig. 4 shows a double peak profile.
Zeros of the work function separate the regimes of the
heat engine and heat pump or refrigerator operations of
the system. The number of zeros can be deduced from
Fig. 3a by the boundary between the positive and negative
work domains. The critical point of TPT reveals itself as
an extremum point in the curves at lεc = λSO = 30 meV.
Controlling lεh can change the operation of the cycle from
refrigerator to a heat engine.
For high temperatures, the same double peak structure
remains but with less symmetry between the topological
and trvial insulator phases. The work value is enhanced
by three orders of magnitude as shown in Fig. 5 compared
to low temperatures. It is worth noting that in the high
temperature regime greater electric potential values are
required to operate in the heat engine regime and, also,
to observe the topological phase transition structure.
The double peak profile appears in the efficiency be-
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Figure 3. (Color Online)Domain of positive work in the space
of external electric potentials at the cold and hot isochores
lεc and lεh, respectively. Dark blue and light orange shaded
regions indicate the domains of the positive and negative work.
The parameters are the spin-orbit coupling λSO = 30 meV,
and the temperatures of the hot and the cold baths which are
taken to be (a) Th = 40 K and Tc = 30 K and (b) Th = 300 K
and Tc = 150 K, respectively.
havior as well, as shown in Fig. 6, where we take lεh = 35
meV, for low-temperature. Qualitatively similar behaviors
are found for the high-temperature case. Fig. 7 indicates
that the efficiency is higher for the high-temperature case,
where lεh = 90 meV.
We remark that unless special procedures such as tran-
sitionless drives are used [50], speed of the cycle would
be limited by the quantum adiabatic theorem. An alter-
native is to remove the adiabatic stages from the cycle
completely. In the following subsection, we will consider a
non-adiabatic cycle, which is used in Ref. [24] to explore
signatures of a quantum phase transition.
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Figure 4. (Color Online) Work output, WO of the quantum
Otto cycle operating between the hot and cold bath tempera-
tures Th = 40 K and Tc = 30 K, respectively, as a function of
the electric potential at the cold isochore lεc for different val-
ues of the electric potential at the hot isochore lεh = 31 meV
(black solid), lεh = 33 meV (blue long dashed) and lεh = 35
meV (red short dashed). SO coupling is λSO = 30 meV.
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Figure 5. (Color Online) Work output, WO of the quantum
Otto cycle operating between the hot and cold bath tempera-
tures Th = 300 K and Tc = 150 K, respectively, as a function
of the electric potential at the cold isochore lεc for different
values of the electric potential at the hot isochore lεh = 110
meV (blue long dashed), lεh = 90 meV (red short dashed), and
lεh = 70 meV (black solid). SO coupling is λSO = 30 meV.
B. Stirling Cycle
It is reported in Ref. [24] that signatures of a quantum
phase transition, associated with a level crossing, can be
found in the work and efficiency of a thermodynamic cy-
cle, which consists of two isothermal and two isomagnetic
processes. Isothermal processes transform the system
through the phase transition point. TPT of Sn is asso-
ciated with the band closing and hence we may expect
similar signatures of TPT in a similar cycle considered
in Ref. [24]. The cycle can be compared to that of an
idealized Stirling cycle without regenerator. We will call
the cycle in Ref. [24] as Stirling cycle. In the case of
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Figure 6. (Color Online) Efficiency ηO of quantum Otto
cycle at low temperatures for the electric potential at the hot
isochore lεh = 33 meV, spin-orbit coupling λSO = 30 meV,
and the temperatures of the hot and the cold baths Th = 40
K and Tc = 30 K, respectively.
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Figure 7. (Color Online) Efficiency ηO of quantum Otto heat
engine at high temperatures for the electric potential at the
hot isochore lεh = 90 meV, spin-orbit coupling λSO = 30 meV,
and the temperatures of the hot and the cold baths Th = 300
K and Tc = 150 K, respectively.
Sn the isomagnetic stages are replaced by the isoelectric
processes as shown in Fig. 8. However, the energy level
structure of Sn is different than the model (interacting
spins) in Ref. [24]. At the K point, Sn can be considered
as a four-level system. The only levels crossing are the
two middle ones (lowest conduction and highest valence
levels).
The heat exchanged between the system and its sur-
roundings in each stage of the cycle are given by
QBA = Th(S(B)− S(A)), QCB = U(C)− U(B), (8)
QDC = Tc(S(D)− S(C)), QAD = U(A)− U(D), (9)
where U(I) is the internal energy at constant electric field
at each point I = A,B,C,D in the cycle and S(I) is the
respective entropy. The total work produced in this cycle
is given by
WS = QAB +QBC +QCD +QDA. (10)
6Figure 8. Entropy-Electric field graph of a Stirling cycle
consisting of two isothermal and two isoelectric stages. During
the isothermal process from A to B (C to D), the system
is brought into contact with a heat bath at temperature Th
(Tc) and QBA (QDC) amount of heat absorbed (released). In
the isoelectric processes, the external electric field decreases
(increases) from εh (εc) to εc (εh) and the exchanged heat is
QCB (QAD).
Plugging Eqs. (8) and (9), the total work is obtained in
terms of the grand canonical partition functions Z(I) :
WS =
∫
d2~k
(2pi)2
( 1
βh
ln
(Z(B))− 1
βh
ln
(Z(A))
+ 1
βc
ln
(Z(D))− 1
βc
ln
(Z(C))) (11)
where
Z(I) =
∏
n
[1 + e−βE
i
n(k)]2. (12)
The energy of the system Ein(k) at point I is given by
Eq. (4). The definitions of internal energy and entropy
and also the details of the calculations leading to Eq. (11)
are given in Appendix B.
We investigate high and low temperature operation of
the engine separately. For both cases we set λSO = 30
meV and let εc change from 0 to εh.
In the low temperature case, the temperatures of the hot
and cold baths are Th = 40 K and Tc = 30 K, respectively.
Fig. 9 displays the net work and the efficiency of the cycle
for the low temperature case. In Fig. 9a it is observed
that for different values of lεh the maximum value of work
occur at λSO = lεc. These peaks identify the critical point
of TPT. Increasing the magnitude of electric field causes
a broader region of positive work. Fig. 9b which shows
the efficiency of this cycle for lεh=40 meV, is a completely
symmetric plot with a maximum at TPT point.
For the high temperature case, the behavior of work
output as a function of lεc, is plotted in Fig. 10 for three
different values of Th. As the temperature of the hot bath
is increased, the maximum of work is shifted away from
TPT and the sign of TPT point is smoothed out.
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Figure 9. (Color Online)(a) Work WS of two-level Sn model
under Stirling cycle, as a function of the electric potential
at the cold isoelectric stage lεc. Spin-orbit coupling strength
is λSO = 30meV , hot and cold baths are at temperatures
Th = 40 K and Tc = 30 K and the electric potential at the hot
isoelectric stage is lεh = 35 meV (blue long dashed), lεh = 40
meV (red short dashed) and lεh = 50 meV (black solid) (b)
Efficiency ηS of this system for lεh = 40 meV.
IV. IMPLEMENTATIONS OF THE
THERMODYNAMIC CYCLES WITH
TOPOLOGICAL INSULATORS
In addition to Sn (or Germanene or Silicene) as the
working substance, the basic ingredients needed to con-
struct a room temperature quantum heat engine with
a TPT are tunable hot and cold baths that would be
periodically in contact with the monolayer TI and tun-
able electric field that will vary between two values above
and below the critical point. There are experimental
reports on the successful fabrication of such monolayer
TIs [51–54]. The effect of an external electric field on
them has been studied in both theoretical and experi-
mental works [27, 36]. While one may directly use the
environment (room) temperature, more controllable envi-
ronments can also be envisioned for monolayer TIs. For
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Figure 10. (Color Online) Work WS of Stirling cycle as a
function of the electric potential at the cold isochore lεc. The
electric potential at the hot isoelectric is lεh = 40 meV and
the spin-orbit coupling strength is λSO = 30 meV. Cold bath
is at temperatures Tc = 80 K and the hot both is at Th = 120
K (blue long dashed), Tc = 200 K (red short dashed) and
Tc = 250 K (black solid).
example, we may propose that a graphene bilayer can
be used as a scaffold for Sn. Such a set up preserves
the topological properties of stanene and moreover, these
stacked layers are stable above room temperature [27, 36].
Graphene has already been studied for its significant po-
tential for heat flow control and energy harvesting [27, 36];
and there are investigations which deal with annealing
graphene [27, 36]. Accordingly, graphene bilayer scaffold
could be used to conduct heat in a controllable manner
and can act as a tunable act as the hot and cold bath to
implement the isothermal or isochoric heating and cooling
stages of the cycles we consider. An external electric field
is required for the operation of the thermodynamic cycles.
This can be introduced by a capacitor.
Similar to typical experimental quantum heat en-
gines [55] or proposed graphene flake engine [11], our
system neither stores the work nor transfers it to a work
source. By including the interaction term for a work
source or a load to Sn model, such extraction of work
could be studied. In experiments work is determined in-
directly, from the injected and received heat. In our case,
heat can be supplied through the bottom substrate to the
Sn film via electric currents with thermal noise, which
could be measured to determine the work associated with
the Otto and Stirling cycles.
V. CONCLUSIONS
We have investigated signatures of the topological phase
transition (TPT) of a monolayer Stanene (Sn) under an
applied electric field in the work and efficiency of ther-
modynamic engine cycles using the Sn as their working
substance. We specifically considered an Otto cycle and
a Stirling cycle. In the case of Otto cycle, positive work
domain in the electric field space, as well as the magni-
tude of the work and efficiency, exhibit qualitative effects
of TPT. Depending on the applied fields, either a local
minima separates a double-peaked work output profile
or work output is maximum at the critical point of TPT.
In Stirling cycle at low temperature, the work achieves a
maximum at the TPT point: while in contrast to Otto cy-
cle, at high temperature, the maximum shifts away from
the TPT point and the peak is smoothed out. This result
generalizes the idea of the Ref. [24], which is using heat
engine cycles to probe ordinary quantum phase transitions
(QPTs) to the probing topological QPTs. Work output
is greatly enhanced as the engine operates at higher tem-
peratures in both cycles. The system can operate either
as a quantum heat engine or a refrigerator at both low
and high temperature regimes and the type of operation
can be tuned by a wide range of applied electric fields.
Our results are applicable to other monolayer topo-
logical insulators, such as Germanene and Silicene. The
crucial step here is that it is established for these materi-
als that bulk gap closing (under electric field variation)
is associated with a topological phase transition. Our
method can be an alternative to the typical scheme of
probing TPT by the determination of the work distribu-
tion under a sudden quench, if it is known that bulk gap
closing reflects the topological transition of the system.
The advantage of large spin-orbit coupling in such ma-
terials, relative to recently proposed graphene flake heat
engines [11], is to enhance the work and efficiency with
SO coupling and room or higher temperature operation.
We hope our results could inspire further studies of topo-
logical quantum heat engines.
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Appendix A: Work Expression for Quantum Otto
Cycle
The low-energy effective Hamiltonian Hsη for stanene
has the following matrix form:ηλSO + lεz 0 kx + iηky 00 −ηλSO + lεz 0 kx + iηkykx − iηky 0 −ηλSO − lεz 0
0 kx − iηky 0 ηλSO − lεz

which results in the eigenenergies given by
E−(k) = ±
√
k2 + (lεz − ηλSO)2, (A1)
E+(k) = ±
√
k2 + (lεz + ηλSO)2. (A2)
Here η = ±1 denotes the K and K ′ valleys, respectively.
Plugging in η, both Eq. (A1) and Eq. (A2) result in the
8set of four distinct energy levels, which can be expressed
in a compact form as in Eq. (4), where each energy level
is two-fold degenerate. The upper two bands above the
Fermi level corresponds to two positive energies given in
Eq. (4):
Ei1(k) =
√
k2 + |lεi − λSO|2,
Ei2(k) =
√
k2 + (lεi + λSO)2, (A3)
with i = h, c. We set ~ = vf = 1. The degeneracy factor
is g(Ein) = 2 for each Ein, where n = 1, 2. The Fermi
distribution function for neutral Sn at points B and D of
the quantum Otto cycle are given by
fn(B) = fn(k, εh, Th) =
1
eβhE
h
n(k) + 1
,
fn(D) = fn(k, εc, Tc) =
1
eβcE
c
n(k) + 1
. (A4)
Due to the probability conservation on the adia-
batic branches of the Otto cycle, we have fn(B) =
fn(k, εh, Th) = fn(C) and fn(D) = fn(k, εc, Tc) = fn(A).
The heat received Qin and ejected Qout, are then ob-
tained as
Q+in =
∫
d2~k
(2pi)2
2∑
n=1
2Ehn(k)[fn(k, εh, Th)− fn(k, εc, Tc)]
=
∫ ∞
0
dk
k
pi
×[
Eh1
(
f1(B)− f1(D)
)
+ Eh2
(
f2(B)− f2(D)
)]
(A5)
and
Q+out =
∫
d2~k
(2pi)2
2∑
n=1
2Ecn(k)[fn(k, εc, Tc)− fn(k, εh, Th)]
=
∫ ∞
0
dk
k
pi
×[
Ec1
(
f1(D)− f1(B)
)
+ Ec2
(
f2(D)− f2(B)
)]
(A6)
respectively. Superscript + of Q indicates that only the
positive energy bands are used in the calculation. By
using the integrals given in Eq. (A5) and Eq. (A6) in
Eq. (7), contribution of the positive energy bands to the
work output can be calculated; we denote it by W+O . Let
us now take into consideration the negative energy bands;
which can be written as
E
i(−)
1 (k) = −Ei1(k),
E
i(−)
2 (k) = −Ei2(k). (A7)
The average occupation number of these bands is given
by
f (−)n (k, εi, Ti) = 1− fn(k, εi, Ti). (A8)
Directly using the negative energy bands in the heat
transfer calculation would lead to divergencies. We use
a simple renormalization of these infinities as described
below.
The ground state energy of the system is determined
by
∑2
n=1E
(−)
n at T = 0. It is not bounded from below.
Nevertheless we can formally subtract it from the internal
energy of the Sn at each point in the engine cycle. Such
a simple renormalization will not change the value of the
net work output, as the additional terms will cancel each
other in the work calculation, but allows for finding finite
energies at each cycle point. The internal energy U(I) at
a specific point I in the cycle then becomes
U(I) =
2∑
n=1
fnEn +
2∑
n=1
f (−)n E
(−)
n −
2∑
n=1
E(−)n ,
= 2
2∑
n=1
fnEn. (A9)
For notational simplicity, the integral over k, superscripts,
and the arguments associated with the point I in fn and
E(k) are suppressed. The result in Eq. (A9) is obtained
in the light of Eq. (A7) and Eq. (A8). Accordingly, work
output of the cycle can be determined by using the relation
WO = 2W+O .
Appendix B: Work Expression for Stirling Cycle
At each point in the Stirling cycle given in Fig. 8, we
evaluate the Fermi-Dirac distribution as
fn(A) = fn(k, Th, εh), (B1)
fn(B) = fn(k, Th, εc), (B2)
fn(C) = fn(k, Tc, εc), (B3)
fn(D) = fn(k, Tc, εh). (B4)
The incoming and outgoing heat are
Qin = QBA +QAD = Th
(
S(B)− S(A))+ U(D)− U(A)
(B5)
Qout = QCB +QDC = U(C)− U(B) + Tc
(
S(D)− S(C))
(B6)
In order to calculate work WS = Qin +Qout, we need to
compute quantities like TjS(I)− U(I), using
U+(I) = 2
∫
d2~k
(2pi)2
2∑
n=1
Ein(k)fn(I), (B7)
with Ein(k) being the corresponding eigenenergy at I and
TjS
+(I)= − 2
βj
∫
d2~k
(2pi)2 ×
2∑
n=1
[(
1− fn(I)
)
ln
(
1− fn(I)
)
+ fn(I) ln
(
fn(I)
)]
.
(B8)
9Again the superscripts remind us that we limit ourselves
to the positive energy manifold in these calculations.
Eqs. (B7) and (B8) yield
TjS
+(I)− U+(I) = 2
βj
∫
d2~k
(2pi)2
2∑
n=1
ln(1 + e−βjE
i
n(k)).
(B9)
Using Eq. (B9) in Eq. (10), we determine the work asso-
ciated with the positive energy bands and denote it as
W+S . The work expression for the Stirling cycle given in
Eq. (11) is valid for any number of n.
In order to include the effect of the negative energy
manifold we first realize that TjS+(I) = TjS−(I). Then
we can employ the same method, described in Appendix A
to renormalize the divergent contribution of negative en-
ergies to the internal energy U(I) by substracting the
zero temperature ground state energy at each point I in
the Stirling cycle. This leads to U(I) = 2U+(I). Hence
we conclude that inclusion of the negative energies simply
doubles the value of TjS+(I)−U+(I), and accordingly we
haveWS = 2W+S .We remark a subtle technical point that
the ground state energy term formally depends on the
associated electric potential at the corresponding point I.
Thus, we should designate the ground state energy terms
substracted from the internal energies at points A and
D of the Stirling cycle by R(εh), and at points B and C
by R(εc). The heat exchanged at the isoelectric branches
including these extra terms can then be expressed as
QBA = Th(S(B)− S(A))−R(εc) +R(εh), (B10)
QDC = Tc(S(D)− S(C))−R(εh) +R(εc), (B11)
from which we see that the extra terms cancel properly
in the calculation of the net work output of the cycle
by Eq.(10).
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